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Abstract 
 
We demonstrate rather interesting manifestations of co-existence of resonance features 
in characteristics of the photoionization of 3d-electrons in Xe@C60. It is shown that the 
reflection of photoelectrons produced by the 3d Xe photoionization affects greatly 
partial photoionization cross-sections of 2/53d  and 2/33d  levels and respective angular 
anisotropy parameters, both dipole and non-dipole adding to all of them additional 
maximums and minimums. The calculations are performed treating the 3/2 and 5/2 
electrons as electrons of different kinds with their spins “up” and “down”. The effect of 
С60 shell is accounted for in the frame of the “orange” skin potential model. 
 
PACS 31.25.-v, 31.25.-v32.80.-t, 32.80.Fb. 
 
1. Introduction 
 
Recently, a great deal of attention was and still is concentrated on photoionization 
of endohedral atoms. It was demonstrated in a number of papers that the C60 shell adds 
prominent resonance structure. Although the experimental investigation of A@C60 
photoionization seems to be very difficult at this moment, it will be inevitably studied in 
the future. This justifies the current efforts of the theorists that are predicting rather non-
trivial effects waiting for verification. 
The role of C60 in A@C60 photoionization is manifold. C60 act as a spherical 
potential resonator that reflects the photoelectron wave coming from A atom, thus 
leading to interference and so-called confinement resonances. C60 at some frequencies 
acts as a dynamical screen that is capable to suppress or enhance the incident 
electromagnetic radiation acting upon the doped atom A. The reflection and refraction 
of the photoelectron waves by the potential resonator is prominent up to 60 – 80 eV of 
the electron energy. Whereas the screening effects of the C60 shell are particularly strong 
for incident radiation frequency ω ∗/ of about that of the C60 Giant resonance, i.e. 20 – 
22 eV, but is noticeable in a much broader region, from ionization threshold up to again 
60 – 80 eV. 
Of special interest is the interference between atomic and C60 resonances. An 
impressive example of it is the photoionization of 3d Xe@C60 where along with new so-
called intra-doublet resonance that is a result of strong action of 3d3/2 level upon 3d5/2 
one there is a strong action of the C60 potential upon the electron waves that are emitted 
from both, 3d3/2 and 3d5/2 levels, which leads to interference phenomenon. 
To consider the role of this interference upon all characteristics of the 3d Xe@C60 
photoionization is the aim of the present paper. 
                                                 
∗
 / Atomic system of units is used in this paper 
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At photon energy ω  above the 3d subshell ionization threshold dI3  the dynamic 
polarizability of C60 and the screening effects of C60 shell are already small enough. 
Therefore, incident photons freely penetrate inside the C60 cavity and interacts with 
electrons of the doped Xe atom. On the other hand, even 50 – 60 eV above dI3  the 
photoelectrons from 3d Xe interact strongly enough with C60 being scattered both 
elastically and inelastic by the fullerene shell.  
In this paper we will concentrate on elastic scattering as a more powerful effect that 
prominently modifies the cross section of 3d Xe while it is located inside of C60. But we 
will not discuss here the inelastic process – the exchange Auger decay of 3d3/2 vacancy – 
that proceeds by its transition into 3d5/2 with emission of an electron from 60C . 
 
2. Main formulas 
 
We will start with the problem of an isolated atom. The method to treat the result of 
mutual action of 2/53d  and 2/33d  electrons for isolated atom Xe was discussed as two 
semi-filled levels with five spin-up )(↑  and five spin-down )(↓  electrons each was 
presented for the first time in [1]. Then the Random Phase Approximation with 
Exchange (RPAE) equations for atoms with semi-filled shells (so-called Spin Polarized 
RPAE or SP RPAE) are solved, as described in e.g. [2]. For semi-filled shell atoms the 
following relation gives the differential in angle photoionization cross-section by non-
polarized light, which is similar to that of closed shell atoms [3] (see also e.g. [4]): 
 
( ) )],(cos)()(cos)()(cos
2
)(
1[
4 312
θωκηθωκγθωβ
pi
σωσ
PPP
d
d
nlnl
nlnlnl
↑↓↑↓
↑↓↑↓↑↓ ++−=
Ω
(1) 
 
where c/ωκ = , )(cos3,2,1 θP  are the Legendre polynomials, θ  is the angle between 
photon κ  and photoelectron momenta k, )(ωβ ↑↓nl  is the dipole, while )(ωγ ↑↓nl  and 
)(ωη ↑↓nl  are so-called non-dipole angular anisotropy parameters, where the arrows ↑↓  
relates the corresponding parameters to up and down electrons, respectively. 
 Since in experiment, usually the sources of linearly polarized radiation are used, 
instead of (1) another form of angular distribution is more convenient [5, 6]: 
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Here ϑ  is the polar angle between the vectors of photoelectron’s velocity v  and 
photon’s polarization e , while Φ  is the azimuth angle determined by the projection of 
v  in the plane orthogonal to e  that includes the vector of photon’s velocity. The non-
dipole parameters in (1) and (2) are connected by the simple relations [4] 
 
↑↓↑↓↑↓ =+ nl
C
nl
C
nl κγδγ 5/ , ↑↓↑↓ −= nlCnl κηγ 5/ .     (3) 
 
The below-presented results of calculations of non-dipole parameters are 
obtained using both expressions (1) and (2). There are two possible dipole transitions 
from subshell l, namely 1±→ ll  and three quadrupole transitions 2; ±→ lll . 
Corresponding general expressions for ( )ωβ ↑↓nl , ( )ωγ ↑↓nl  and ( )ωη ↑↓nl  are rather 
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complex and expressed via the dipole 1±ld  and quadrupole 0,2±lq  matrix elements of 
photoelectron transitions. In the one-electron Hartree-Fock  (HF) approximation these 
parameters can be presented as [4, 7]: 
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It is implied that the indexes ↑↓  are added similarly to the parameters )(ωγ nl , ( )ωηnl  
and matrix elements 1±ld , 2, ±llq  in (5) and (6): 
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Here )(klδ  are the photoelectrons’ scattering phases; the following relation gives the 
matrix elements ↑↓±1ld  in the so-called r-form 
( ) ( )∫
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where ( )rP
nl↑↓ , ( )rP l ↑↓±1ε  are the radial so-called Spin-Polarized Hartree-Fock (SP HF) 
[8] one-electron wave functions of the nl discrete level and 1 ±lε  - in continuous 
spectrum, respectively. The following relation gives the quadrupole matrix elements 
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In order to take into account the Random Phase Approximation with Exchange 
(RPAE) [3, 7] multi-electron correlations, one has to perform the following 
substitutions in the expressions for ( )ωβ ↑↓nl , ( )ωγ ↑↓nl  and ( )ωη ↑↓nl  [4]: 
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The following are the ordinary RPAE equation for the dipole matrix elements 
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Here ||/1ˆ rrV ′−≡ rr  and iν  is the total set of quantum numbers that characterize a HF 
one-electron state on discrete (continuum) levels. That includes the principal quantum 
number (energy), angular momentum, its projection and the projection of the electron 
spin. The function 
i
nν (the so-called step-function) is equal to 1 for occupied and 0 for 
vacant states. 
For semi-filled shells the RPAE equations are transformed into the following 
system of equations that can be presented in the matrix form: 
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The dipole matrix elements 1±lD  are obtained by solving the radial part of the 
RPAE equation (11). As to the quadrupole matrix elements 0,2±lQ , they are obtained by 
solving the radial part of the RPAE equation, similar to (11) 
 
( ) ( ) ( )( )∑ −++−
−
+=
43 334
34
,
132443
1212 21
ˆ
νν ννν
νν
ηωεε
νννννων
νννων
ni
UnnQ
qQ .   (14) 
 
Here in r-form one has ).(cosˆ 22 θPrq =  
Equations (13, 14) are solved numerically using the procedure discussed at 
length in [7]. The generalization of (14) for semi-filled shells is similar to (13): 
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)ˆ/(1ˆ)ˆ/(1ˆ)(ˆ evev HH +−−= ωωωχ .       (16) 
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In (16) evHˆ  is the electron – vacancy HF Hamiltonian. Equations (13) and (15) permit to 
treat 2/53d and 2/33d electrons, if corrected by adding multipliers 6/5 and 4/5 to the up 
and down states, respectively. These equations were solved in this paper numerically. 
The cross-sections and angular anisotropy parameters are calculated by using numerical 
procedures with the codes described in [8]. 
 
3. Effect of C60 fullerene shell 
 
Since the thickness of the C60 shell ∆  is much smaller than its radius R, for low-
energy photoelectrons one can substitute the C60 potential by a zero-thickness pseudo-
potential (see [9-12] and references therein): 
 
)()( 0 RrVrV −−= δ .         (17) 
 
The parameter 0V  is determined by the requirement that the binding energy of the extra 
electron in the negative ion −60C  is equal to its observable value. Addition of potential 
(17) to the atomic HF potential leads to a factor )(kFl  in the photoionization amplitudes 
which depends only upon the photoelectron’s linear k and angular l  moments [9-12]: 
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where )(kl∆  are the additional phase shifts due to the fullerene shell potential (17). 
They are expressed by the following formula: 
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In these formulas )(rukl  and )(rvkl  are the regular and irregular solutions of the atomic 
HF equations for a photoelectron with momentum ε2=k , where ε  is the 
photoelectron energy connected with the photon energy ω  by the relation AI−= ωε  
with I being the atom A ionization potential. 
Using Eq. (18), one can obtain the following relation for the ACD  and ACQ  
amplitudes of endohedral atom expressed via the respective values for isolated atom that 
correspond to lnl ′→ ε  transitions: 
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For the cross-sections one has 
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With these amplitudes, using the expressions (4-6) and performing the substitution (9, 
10) we obtain the cross-sections for Xe@C60 and angular anisotropy parameters. While 
calculating the anisotropy parameters, the cosines of atomic phases differences 
)cos( ll ′− δδ  in formulas (4)-(6) are replaced by )cos( llll ′′ ∆−−∆+ δδ . 
 
4. Some details of calculations and their results 
 
Naturally, the parameters of C60 were chosen the same as in previous papers, e.g. 
in [9]: 639.6=R  and 443.00 =V . In Fig. 1 and Fig. 2 we present the results for partial 
cross-sections that correspond to the fd ε→3  and pd ε→3  transitions, respectively. 
The solid line presents the 2/53d  while the dashed line stands for 2/33d  cross-sections 
of the Xe isolated atom. It is seen that the action of 2/33d electrons leads to an extra 
maximum in the 2/53d  cross-section. The partial cross-section corresponding to the 
pd ε→3  transition is two orders less than the fd ε→3  partial cross-section. Therefore, 
below while considering the effect of the fullerene shell on the photoeffect in Xe@C60 
we will concentrate only on the main fd ε→3  electron transition. In Fig. 3 we present 
the photoionization cross-section of 2/33d  electrons of Xe@C60 that has prominent 
oscillations due to reflection of the fε  photoelectron wave by the C60 shell. Fig. 4 
demonstrates the effect of C60 upon the photoionization cross-section of 2/53d  electrons. 
Note that the additional maximum appearing due to the 2/33d  action is prominently 
altered by the C60 action and a number of additional maximums are created.  
The amplitude factor (18) is defined by the values of the photoelectron wave 
functions with the “up” and “down” spins at the point r = R. Since we deal with the 
completely filled 3d Xe subshell the role of the spin effects in behavior of the wave 
function is small. Hence the continuum wave functions for the “up” and “down” spins at 
this point are almost equal. So, the amplitude factors )(kFl  for the 3/2 and 5/2 levels are 
similar to each other. However, since the background cross-sections for the isolated Xe 
atom are significantly different, the interference of 3/2 and 5/2 intra-doublet resonances 
and confinement resonances leads to essentially different cross-sections  for Xe@C60 
compounds, which we see in Figs. 3 and 4. 
Figures 5-8 demonstrate the noticeable modifications in the angular anisotropy 
parameters, both dipole )(ωβ  and non-dipole ( )(ωγ C , )(ωδ C  and their combination 
)(3)( ωδωγ CC + ) for 2/33d electrons. The dashed line gives the data for the isolated Xe, 
while the solid lines give the same for the molecule Xe@C60. Figures 9-12 give the 
same as Figures 5-8 with the same notations but for the 2/53d electrons. 
Analyzing the Figures, we see that the presence of the C60 shell enhances 
prominently the maximum in )(2/5 ωβ  due to the 2/33d  electron action. In general, the 
respective non-dipole parameters for the 3/2 and 5/2 electrons are similar. Particularly 
strong is the deviation from the isolated atom values close to thresholds. Entirely, we 
see that the presence of the C60 shell leads to prominent extra additional resonance 
structure in all the characteristics of the photoionization of Xe@C60 2/3,2/53d  electrons. 
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Fig.1. Photoionization cross-section of Xe 3d electrons, fd ε−3  transition 
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Fig. 2. Photoionization cross-section of Xe 3d electrons, pd ε−3  transition 
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Fig. 3. Photoionization cross-section of 2/33d electrons in Xe and Xe@C60. 
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Fig. 4. Photoionization cross-section of 2/53d electrons in Xe and Xe@C60.  
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Fig. 5. Dipole angular anisotropy parameter β  for 2/33d  electrons 
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Fig. 6. Non-dipole angular anisotropy parameter Cγ  for 2/33d  electrons 
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Fig. 7. Non-dipole angular anisotropy parameter Cδ  for 2/33d  
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Fig. 8. Non-dipole angular anisotropy parameter )3( CC γδ +  for 2/33d  electrons 
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Fig. 9. Dipole angular anisotropy parameter β  for 2/53d  electrons 
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Fig. 10. Non-dipole angular anisotropy parameter Cγ  for 2/53d  electrons 
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Fig. 11. Non-dipole angular anisotropy parameter Cδ  for 2/33d  electrons 
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Fig. 12. Non-dipole angular anisotropy parameter )3( CC γδ +  for 2/53d  electrons 
 
 
